In this paper, we develop a framework for determining optimal respiratory airflow patterns for a multicompartment lung mechanics system with nonlinear resistance and compliance parameters. First, a nonlinear multicompartment lung mechanics model that accounts for nonlinearities in both the airway resistances and the lung compliances is developed. In particular, we assume that the resistive losses are characterized by a Rohrer-type model with resistive losses defined as the sum of linear and quadratic terms of the airflow. The proposed model is more realistic than those presented in the literature, since it takes into account the heterogeneity of lung anatomy and function as well as the nonlinearity of lung resistance and compliance parameters. This model can be used to provide a better understanding of pulmonary function as well as the process of mechanical ventilation. Next, using the proposed nonlinear multicompartment lung model, we develop a framework for determining optimal respiratory airflow patterns. Specifically, an optimization criterion that involves the minimization of the oxygen consumption of the lung muscles and lung volume acceleration for the inspiratory phase, and the minimization of the elastic potential energy and rapid airflow rate changes for the expiratory phase is formulated and solved. The solution to the formulated optimization problem is derived using classical calculus of variation techniques. Finally, several illustrative numerical examples are presented to illustrate the efficacy of the proposed nonlinear multicompartment lung model and the corresponding optimal airflow patterns. Comparison with experimental data shows that our nonlinear resistance model predicts the airflow patterns more accurately than linear resistance models. Moreover, the optimization criterion used in this paper also provides a more accurate prediction of the optimal airflow patterns.
Introduction
Human lungs are vulnerable to critical illness and as a consequence, respiratory failure is common for patients in intensive care units. Respiratory failure is the loss of the respiratory system's ability to maintain oxygen and/or carbon dioxide within normal ranges. In this case, mechanical ventilation is needed to provide an adequate exchange of oxygen and carbon dioxide in order for the organs to function normally. Numerous mathematical models of respiratory function have been developed in the hope of better understanding pulmonary function and the process of mechanical ventilation [1] [2] [3] [4] [5] . However, the models that have been presented in the medical and scientific literature have typically assumed homogeneous lung function. For example, in analogy to a simple electrical circuit, the most common model has assumed that the lungs can be viewed as a single compartment characterized by its compliance (the ratio of compartment volume to pressure) and the resistance to airflow into the compartment [1, 2, 5, 6] .
Lungs, especially diseased lungs, are heterogeneous, both functionally and anatomically, and are composed of many subunits or compartments, which differ in their capacities for gas exchange. Therefore, the simplistic single compartment model cannot adequately represent the lung mechanics system, and hence, stymie the accurate diagnosis of pulmonary diseases and the development of efficient mechanical ventilation. Accurate and realistic models should take this heterogeneity into account. A model for a multicompartment lung mechanics system has been developed in Ref. [7] , where it is assumed that the resistive pressure losses are linear functions of airflows (i.e., constant airway resistances) and the lung compliances are constant over the entire range of lung volumes. However, clinical data show that the lung compliances are not constant over the entire range of lung volumes [8] . Specifically, for low lung volumes the compliance is low and linearly increases with increasing volume; however, at a particular value a transition region is entered wherein the compliance is constant. Then, when the lung volume exceeds a particular value, the compliance starts decreasing. A single compartment lung model using a piecewise linear compliance-volume relationship is developed in Ref. [9] . Building on the results of Ref. [9] , a multicompartment lung model with linear resistances and nonlinear compliances is given in Ref. [10] .
However, it is well established in the fluid mechanics literature that for laminar flow through a tube, the pressure loss is a linear function of the flow, whereas for turbulent flows, the pressure loss is a nonlinear function of the flow. Thus, an accurate model representing the lung mechanics should take into account nonlinearities in the airway resistances. The authors in Ref. [11] develop a single compartment lung mechanics model taking into account the viscous and turbulent resistance of the respiratory tract as well as the nonelastic resistance associated with deformation of tissues. Experimental data from this study shows that the total lung pressure drops due to the viscous and turbulent resistance of the respiratory tract, and the nonelastic resistance of the tissues deformation obeys the Rohrer equation; that is, the pressure loss involves the summation of linear and quadratic terms of the airflow. Various studies in pulmonary ventilation support the relationship between airway resistances as a function of both linear and quadratic airflows, see Refs. [6, [12] [13] [14] [15] [16] [17] .
With the notable exception of Refs. [6, 11, 17] , lung resistance nonlinearities have been ignored in mathematical models of respiratory function. Building on the modeling results of Refs. [6, 10, 11] , we develop a multicompartment lung mechanics model with nonlinear resistances and nonlinear compliances. Specifically, we assume that airway resistive losses are characterized by a Rohrer-type model with resistive losses defined as the sum of linear and quadratic terms of the airflow. The Rohrer equation is used to describe airway resistances as a function of airflow [12] [13] [14] [15] [16] and, in general, provides a more accurate account of the resistive losses as a function of flows as compared to a linear resistive model over a large range of flows. The proposed model takes into account the heterogeneity of lung anatomy and function as well as the nonlinearity of lung resistance and compliance parameters, and hence, provides a more accurate representation of the lung mechanics system, which is essential in understanding pulmonary function and the process of mechanical ventilation.
As noted above, patients with acute respiratory failure are usually supported by a mechanical ventilator to ensure proper function of vital organs. Partially automated mechanical ventilators with control algorithms for volume or pressure control have been presented in Refs. [18] [19] [20] [21] . Recently, more sophisticated fully automated model reference adaptive and robust control algorithms for mechanical ventilation have also been developed [10, 22, 23] . These algorithms require a clinically plausible reference model for describing a patient's ideal breathing pattern.
The problem of finding an optimal respiratory airflow pattern has been addressed in the literature [11, [24] [25] [26] [27] . However, early work on the determination of an optimal respiratory airflow pattern typically assumes homogeneous lung function. In particular, the authors in Refs. [11, 24, 25] predicted the frequency of breathing by using a minimum work-rate criterion. This work involves a static optimization problem and assumes that the airflow pattern is a fixed sinusoidal function. The authors in Refs. [25] and [27] developed optimality criteria for the prediction of the respiratory airflow pattern with fixed inspiratory and expiratory phases of a breathing cycle. These results were extended in Ref. [26] by considering a two-level hierarchical model for the control of breathing, in which the higher-level criterion determines values for the overall control variables of the optimal airflow pattern derived from the lower-level criteria, and the lower-level criteria determine the airflow pattern with the respiratory parameters chosen by minimizing the higher-level criterion.
More recently, based on the multicompartment lung model developed in Ref. [10] , an optimal respiratory airflow pattern has been developed in Ref. [28] . The model in Ref. [28] assumes that the airway resistances are constant. Moreover, the inspiratory airflow rate patterns observed in Refs. [27] and [28] are symmetric for all parameter values. While in general, the inspiratory airflow rate patterns are symmetric, there are some cases where they are asymmetric with the peak flow rate at the beginning of inspiration [29] . In order to capture both symmetric and asymmetric inspiratory airflow rate patterns, an improved model for predicting an optimal inspiratory airflow pattern was developed for a single compartment lung mechanics system with constant airway resistance and compliance in Ref. [30] .
In this paper, we first develop a multicompartment lung mechanics model with nonlinear resistances and nonlinear compliances building on the modeling results of Refs. [10] and [6] . Next, using the proposed nonlinear multicompartment lung model, we develop a framework for determining optimal airflow patterns. Specifically, an optimization criterion that involves the minimization of the oxygen consumption of the lung muscles and lung volume acceleration for the inspiratory phase, and the minimization of the elastic potential energy and rapid airflow rate changes for the expiratory phase is formulated and solved. The solution to the formulated optimization problem, which provides an optimal respiratory airflow pattern, is derived using classical calculus of variation techniques. Unlike Refs. [28] and [30] , where optimization criteria for inspiratory and expiratory phases are formulated and solved separately, here, we formulate a performance criterion for an entire breathing cycle. Finally, several illustrative numerical examples are presented to illustrate the efficacy of the proposed nonlinear multicompartment lung model and the corresponding optimal airflow patterns. Comparison with experimental data shows that our nonlinear resistance model predicts the airflow patterns more accurately than linear resistance models. Moreover, the optimization criterion used in this paper also provides a more accurate prediction of the optimal airflow patterns.
The notation used in this paper is standard. Specifically, for x 2 R n , we write x !! 0 (respectively, x ) 0) to indicate that every component x i of x is non-negative (respectively, positive). For A 2 R nÂn , we write A ! 0 (respectively, A > 0) to indicate that A is non-negative (respectively, positive) definite. Furthermore, we write R n þ and R n þ to denote the non-negative and positive orthants of R n , that is, if x 2 R n , then x 2 R n þ and x 2 R n þ are equivalent, respectively, to x !! 0 and x ) 0. In addition, we write e i 2 R n to denote the vector with unity in the ith component and zeros elsewhere and e n 2 R n to denote the ones vector of order n, that is, e n ¼ ½1; 1; …; 1 T ; if the order of e n is clear from context we simply write e for e n . Finally, we write (Á)
T to denote transpose, (Á) 0 to denote the Fr echet derivative, and dx to denote the first variation of the function x.
Nonlinear Compartmental Modeling of a Lung Mechanics System
In this section, we present a general mathematical model for the dynamics of a multicompartment respiratory system. We assume that the bronchial tree has a regular dichotomy structure, that is, in every generation each airway unit branches into two airway units of the subsequent generation [7, 31] . In addition, we assume that the lung compliances and resistances are nonlinear functions of lung volumes and the rate of change of the lung volumes, respectively. In this model, the lungs are represented as 2 n lung units which are connected to the pressure source by n generation of airway units, where each unit branches into two airways of the subsequent generation leading to 2 n compartments. A graphical illustration of a four-compartment lung model is shown in Fig. 1 .
n , denote the lung volume in the ith compartment, x¢½x 1 ; x 2 ; …; x 2 n T denote the state vector, p in (t) (respectively, p ex (t)) denote the pressure during inspiration (respectively, expiration) phase, c
n , denote the nonlinear compliance of each compartment during the inspiration (respectively, expiration) period, K The state equations for inspiration are given by [32] 
where
bqc denotes the floor function, which gives the largest integer less than or equal to the positive number q, and c
n . Experimental studies in Refs. [8] and [33] have shown that lung compliances are not constant over the entire range of lung volumes. Specifically, for low lung volumes the compliance is low and linearly increases with increasing volume; however, at a particular value a transition region is entered wherein the compliance is constant. Then, when the lung volume exceeds a particular value, the compliance starts decreasing. This trend is also supported by the experimental data in Ref. [34] . This piecewise linear compliance-volume relationship is mathematically expressed by [9] as
where a Figure 2 shows a typical piecewise linear compliance function for inspiration. A similar compliance representation holds for expiration, which is also shown in Fig. 2 .
Note that the first and second terms in Eq. (1) represent, respectively, the pressure loss associated with the linear and nonlinear resistance of the ith airway in the nth generation, and the fourth and fifth terms in Eq. (1) represent, respectively, the linear and nonlinear resistive pressure losses from the pressure source along the directed path leading to the ith airway of the nth generation. The introduction of the term k j in Eq. (2) is to ensure that only the airway that has a directed path to the ith compartment will be present in the pressure balance equation for the ith compartment.
For example, consider the four-compartment model shown in Fig. 1 corresponding to a two-generation lung model. Let x i , i ¼ 1, 2, 3, 4, denote the compartmental volumes. It follows from Eqs. (1) and (2) that the pressure balance equation for the third compartment ( Fig. 1) is given by
where k 2 ¼ 3, k 1 ¼ 2, and k 0 ¼ 1. Rearranging the terms in Eq. (4) we obtain 1 c in 3
which implies that the pressure ð1=ðc in 3 ðx 3 ðtÞÞÞÞx 3 ðtÞ due to the compliance in the third compartment is equal to the difference between the external pressure applied and the resistance to airflow at every airway in the path leading from the pressure source to the third compartment. Thus, Eq. (5) can be written as
where 
Next, we consider the state equation for the expiration process. Following an identical procedure as in the inspiration case, we obtain the state equation for expiration as
or equivalently
where a Next, we provide a smooth characterization (i.e., C
1
) of the nonlinear compliance using sigmoidal functions [28, 35] . Specifically, for inspiration, c where a ¼ Àa 
State-Space Nonlinear Multicompartment Lung Model
In this section, we rewrite the state equations (1) and (12) for inspiration and expiration, respectively, as a nonlinear switched dynamical system. First, note that the state equations given by Eqs. (1) and (12) can, respectively, be written in matrix-vector form as
and
; j ¼ 0; 1; …; n, and zero elsewhere.
Next, observe that the state equations given by Eqs. (20) and (21) cannot be explicitly expressed in the state-space form _ xðtÞ ¼ f ðt; xðtÞ; uðtÞÞ; xð0Þ
is a nonlinear function and uðtÞ 2 R m is a control input. This standard state-space form is required when using ordinary differential equation solvers as well as designing a controller for the developed multicompartment lung mechanics model. To develop a state-space model, we differentiate Eqs. (20) and (21) with respect to time to obtain
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Transactions of the ASME (32) Note that the extra conditions _ xð0Þ ¼ 0 and _ xðT in Þ ¼ 0 reflect the fact that the airlfow in and out of the lung temporary stops at the end of the inspiration and expiration phases.
It follows from Eqs. (24) to (26) (33) and R N in ð€ xðtÞÞ _ xðtÞ ¼ R N in ð _ xðtÞÞ€ xðtÞ; 0 t T in (34) where
Similarly, it follows from Eqs. (27) to (29) that (37) where
Next, it follows from Eqs. (22) and (23) 
and using Eqs. (37) and (39)- (42), it follows from Eqs. (31) and (32) that
, then Eqs. (20) and (21) can be equivalently written as
Consider the nonlinear dynamical systems (20) and (21) . Then R
since the lth component of Z n,k is 1 if l ¼ k and zero otherwise.
j . The inspiration process is assumed to start from a given initial state x in 0 and followed by the expiration process. The initial value of the expiration process is the final value of the inspiration process. One complete inspiration and expiration process is called a breathing cycle. It is assumed that each breathing cycle is followed by another breathing cycle. Therefore, it is clear that the respiratory system given by Eqs. (45) and (46) is a nonlinear periodic dynamical system with period T ¼ T in þ T ex .
Optimal Determination of Respiratory Airflow Patterns
The main function of the lungs is to provide oxygen to the organs in the body and maintain a desired level of carbon dioxide in the blood. For patients with acute respiratory failure, the lungs can no longer maintain oxygen and/or carbon dioxide within normal ranges. In this case, mechanical ventilation is needed to provide an adequate exchange of oxygen and carbon dioxide (CO 2 ) in order for the organs to function normally. This goal can be achieved by providing adequate level of one or more respiratory outcomes such as tidal volume, minute ventilation, mean arterial blood pressure, etc. There are, however, various airflow patterns that can result in any of these desired levels of respiratory outcomes. Hence, for a specific respiratory outcome, it is important to determine which respiratory airflow pattern is optimal in terms of minimizing undesired effects such as oxygen consumption of the lung muscle as well as fast acceleration of lung volume, which could lead to rupture of the lung muscles.
In this section, we develop an optimal model for predicting respiratory airflow patterns using the dynamical system characterized by Eqs. (20) and (21). In Ref. [28] , optimization criteria that allow for the minimization of oxygen expenditure of the respiratory muscles as well as rapid changes in the lung volume flow rate were formulated. Since the respiratory system is a periodic dynamical system with period T ¼ T in þ T ex , only one breathing cycle was considered. Specifically, for a multicompartment model the performance criteria during inspiration and expiration are, respectively, given by [28] J in ðxÞ ¼
where a 1 and a 2 are non-negative constants. Then, the optimal solutions x Ã ðtÞ; 0 t T in and x Ã ðtÞ; T in t T in þ T ex , for both optimization criteria were determined separately.
The optimization criterion during inspiration can be interpreted as the weighted sum of the average square of volume acceleration and the mechanical work performed by the lung muscles. The square volume acceleration term penalizes rapid changes in lung volume, which can cause discomfort and inefficacy of muscular contraction and control [36] . Moreover, high-volume acceleration can result in overexpansion of the lung resulting in lung tissue rupture as well as excessive work of breathing with subsequent ventilatory muscle fatigue. The second term in the performance criterion during inspiration represents mechanical work carried out by the respiratory muscles to overcome the resistive forces and stretch the lung and chest wall. This is directly related to the oxygen consumption of the lung muscles as it is assumed that the oxygen expenditure is mainly due to mechanical work by respiratory muscles [27] .
The interpretation of the performance criterion during expiration is slightly different. Specifically, during the expiration phase, the respiratory muscles remain active in the beginning of expiration since they continue their action by opposing expiration and, hence, consume oxygen thereby performing negative work. Thus, mechanical work alone is not a satisfactory criterion for describing control of breathing at rest. As in Ref. [27] , we assume that oxygen consumption of expiration correlates with the integral square of the driving pressure. This assumption is supported in Ref. [37] , which shows that an index of average respiratory pressure can predict the total oxygen cost of breathing. Hence, instead of mechanical work, the integral square of the applied pressure is used in the expiration criterion J ex ðxÞ, which corresponds to minimizing the mean standard potential energy in the lung.
The [29] that the airflow rate patterns are asymmetric with peak value at the beginning of the inspiration for some test subjects. It was also highlighted in Refs. [37] and [36] that the mechanical work performed by the respiratory muscles alone is not always a satisfactory approximation of the oxygen consumption of muscular work. Thus, instead of only using the mechanical work rate term p in ðtÞ _ xðtÞ; 0 t T in , to approximate the energy cost of breathing during inspiration, an additional term is incorporated [30] . Specifically, for a single compartment model the optimization criterion during inspiration is formulated as [30] J
where a 1 and a 2 are non-negative constants. The last term in the integrand is introduced to account for the fact that the efficiency of muscular contraction decreases with increasing muscular loads [36] . The justification for the added term is that if one assumes that the loss of efficiency is almost linear in the load, then a reasonable approximation for the total energy consumption can be obtained by multiplying the work rate term by a coefficient which increases with the load. For the model proposed in Ref. [30] , where the muscular load is reflected by p in ðtÞ; 0 t T in , such a coefficient can be written as 1 þ ap in ðtÞ; 0 t T in , where a is a non-negative constant. Multiplying the work rate term by this coefficient, we obtain
where a 2 ¼ aa 1 . The above equation gives rise to an additional term in the optimization criterion in Eq. (51). Here, instead of determining the optimal respiratory airflow for inspiratory and expiratory phases separately, we formulate a single optimization criterion J ðxÞ for an entire breathing cycle. In addition, to account for decrease of muscular contraction with increase muscular load, we use Eq. (51) in place of Eq. (49) in our optimization. Specifically, we determine the optimal solution x*(t), 0 t T, that minimizes the performance criterion given by
subject to the natural boundary conditions
where a 1 ; a 2 ; a 3 ; a 4 ! 0; V 0 2 R 2 n is the end-expiratory volume, and V T 2 R 2 n is the tidal volume. The coefficient a 4 is only used for reconciling units.
Unlike Ref. [28] , where the end-inspiratory volume x(T in ) is assumed to be known and equal to V 0 þ V T , here we assume that the end-inspiratory volume is unknown. Now, substituting p in ðtÞe; 0 t T in and p ex ðtÞe; T in t T given by Eqs. (20) and (21) into Eq. (53), the optimal criterion (53) can be written as
THEOREM 4.1. Consider the nonlinear dynamical system given by Eqs. (20) and (21) . The optimal solution (air volume) x*(t), 0 t T, to the minimization problem (53) subject to the boundary conditions (54)-(56) satisfies the differential equations Fig. 4 Volume flow rate patterns for both models and recorded volume flow rate patterns of a ventilated patient from Ref. [38] . The maximum out-flow rate is approximately two (respectively, five) times that of the maximum in-flow rate for the nonlinear (respectively, linear) resistance model. The recorded maximum out-flow rate from Ref. [38] is approximately two times that of the maximum in-flow rate. 
with the algebraic equation at the end of inspiration given by s¢ w¢ Transactions of the ASME x ðnÞ ðtÞ¢ðd n xðtÞ=dt n Þ, and ð@R in ð _ xÞ=@ _ x i Þ; i ¼ 1; 2; …; 2 n , denote the entrywise partial derivative of R in ð _ xÞ with respect to _ x i ; i ¼ 1; 2; …; 2 n . Proof. We prove the theorem using calculus of variation techniques. First, let
The first variation of the performance criterion J ðxÞ on an extremal solution is given by
Using the boundary conditions (54)- (56), it follows that dxð0Þ
Now, since T in and T ex are fixed, it follows from the fundamental theorem of the calculus of variations that the variation of J ðxÞ must vanish on x*(t). Hence, it follows from Eq. (63) that
Next, since R in ð _ xðtÞÞ; 0 t T in and R ex ð _ xðtÞÞ; T in t T are symmetric, using C in ðxðtÞÞ; 0 t T in , given by Eq. (22), and C ex ðxðtÞÞ; T in t T, given by Eq. (23), it follows from Eqs. (61) and (62) that for 0 t T in
þ2 
with the algebraic equation at the end of inspiration given by
Next, we show that the solution x*(t), 0 t T in , to Eq. (72) satisfies Eq. (58). To see this, first note that it follows from Eqs. (24) to (26) 
and hence,
In addition, note that Eqs. (24)- (26) imply
are constant symmetric matrices, and hence,
Now, using C in (x(t)), 0 t T in , given by Eq. (22), it follows that Fig. 5 Responses of the two-compartment lung model with nonlinear resistances and compliances and the twocompartment lung model with linear resistances and nonlinear compliances subject to the same applied pressures
Next, it follows from Eqs. (75) and (80) 
Now, since R in ð _ xÞ is symmetric, it follows that R 
Moreover, since ð@R in ð _ xÞ=@ _ x i Þ; i ¼ 1; 2; …; 2 n , are constant matrices, it follows from Eq. (80) that
Using Eqs. (77) and (79)- (87), it follows from Eq. (66) that d dt
Using a standard calculus of variation techniques, it can be shown that the optimal solution x*(t), 0 t T, to the above minimization problem satisfies the differential equations given by Eqs. (58) and (59) with the boundary conditions given by Eqs. (54)- (56) and an additional boundary condition given by 
In this case, the optimal solution x*(t), 0 t T, to the optimization problem (89) satisfies Eqs. (90) and (91) with the boundary conditions given by Eqs. (54)-(56) and x(T in ) ¼ V 0 þ V T . This optimal solution was given in Ref. [28] , which shows that Theorem 4.1 is a generalization of Theorems 1 and 3 of Ref. [28] .
Illustrative Numerical Examples
In this section, we present several numerical examples to illustrate the efficacy of the developed nonlinear multicompartment model and the corresponding optimal airflow patterns.
Nonlinear Multicompartment Lung
Model. Here, we compare total volume flow rate patterns of a two-compartment lung model with nonlinear resistances and nonlinear compliances and a two-compartment lung model with linear resistances and nonlinear compliances to experimental airflow pattern given in Ref. [38] subject to the same applied pressures. The applied airway pressure from Ref. [38] is p in ðtÞ ¼ 52t þ 5 cm H 2 O; 0 t 0:3; p in ðtÞ ¼ 8t þ 20:6 cm H 2 O; 0:3 t T in , and p ex ðtÞ ¼ 5 cm H 2 O; T in t T. The duration of inspiration and expiration are T in ¼ 2 s and T ex ¼ 3 s. The airway resistances vary with the branch generation, and the values for the inspiratory and expiratory resistance constants can be found in Ref. [6] . Furthermore, the expiratory resistance constants will be higher than the inspiratory resistance constants by a factor of 2-3. Here, we assume that the factor is two. The parameter values characterizing the piecewise linear lung compliance model given by Eqs. (3) and (18) can be found in Ref. [9] . The values for the inspiratory and expiratory resistance constants in Ref. [6] and the lung compliances in Ref. [9] are further fine-tuned to fit the airflow pattern reported in Ref. [38] .
The typical values of linear airway resistance can be found in Ref. [31] . These values are fine-tuned so that the corresponding airflow pattern fits closely to the recorded airflow pattern in Ref. [38] . These best fit parameter values are K 
The system initial condition is set at x in 0 ¼ ½0; 0 T ' and the approximation parameter b in Eq. (19) is set at b ¼ 50. Figure 4 shows the total volume flow rate (i.e., e T _ xðtÞ; t ! 0) patterns of the model with nonlinear resistances and nonlinear compliances and the model with linear resistances and nonlinear compliances as well as the experimental volume flow rate pattern from Ref. [38] . It can be seen from Fig. 4(a) that during the inspiration phase, the total volume flow rate patterns for both models are virtually identical and follow the experimental volume flow rate pattern. This is because during the inspiration phase, the volume in-flow rate is relatively low as compared to the volume out-flow rate, which is the negative of the total volume flow rate during the expiration phase, as can be seen in Fig. 4 . Therefore, the effect of the nonlinearities in the airway resistances can be neglected during inspiration. However, during the expiration phase, it can be seen from Fig. 4(b) that there is a noticeable difference between the two models and the maximum volume out-flow rate of the proposed nonlinear model closely follows the experimental data.
Specifically, at the start of the expiration the maximum outflow rate of the model with linear resistances is larger than that of the model with nonlinear resistances. The reason for this effect is that the airway resistances for the model with nonlinear resistances are proportional to the volume flow rates as can be seen from Eqs. (27) to (29) , and hence, for large volume out-flow rates of the air from the lung compartments at the start of expiration, the values of the nonlinear airway resistance are higher than those of the model with linear resistances. These high nonlinear airway resistances oppose the out-flows of the air from the lung compartments as can be seen from Eq. (21), and hence, the total out-flow rate for the model with nonlinear resistances is lower than that of the model with linear resistances. It can be seen from Fig. 4 that the maximum out-flow rate is approximately two (respectively, five) times that of the maximum in-flow rate for the nonlinear (respectively, linear) model; and the maximum out-flow rate of the experimental airflow pattern from Ref. [38] is approximately two times that of the maximum in-flow rate. Hence, our nonlinear resistance model closely agrees with the experimental data from Ref. [38] . Fig. 10 Total lung volume, airflow rate, and input pressure generated by optimal solution versus time. Solid line represents optimal patterns from our model and dotted line represents the optimal patterns from Ref. [28] .
To elucidate the effect of nonlinearities in the airway resistances on lung volume, we compare the total lung volumes (i.e., e T x(t), t ! 0) of the models with linear resistances and nonlinear resistances subject to the same applied pressure. As can be seen in Fig. 5 , the trajectories of the total lung volumes for both models are virtually identical during the inspiration phase, whereas during the expiration phase there is a noticeable different between the two models.
Numerical Determination of Optimal Airflow
Patterns. In this section, we present several simulations to illustrate the optimal airflow patterns for a two-compartment model given by Eqs. (20) and (21) . We also compare the optimal airflow pattern for the two-compartment lung model developed in this paper to that of the model in Ref. [28] . In order to compare our results with the Ref. [28] model, we set our nonlinear respiratory parameters to match the parameters of the linear resistance model used in Ref. [28] so that the two models give the same tidal volume under the same applied pressure. The linear resistance and nonlinear compliance parameters in Ref. [28] are set at R Figure 6 shows the optimal volume and airflow rate patterns for our model. It can be seen in Fig. 6 that the inspiratory airflow rate pattern is asymmetric with a peak airflow rate at the beginning of the inspiration phase, which is in agreement with the observation in Ref. [29] for some test subjects.
Next, we show the effect of a 1 , a 2 , and a 3 on the volume and airflow rate patterns. As can be seen in Figs. 7 and 8 , a large value of a 1 and a 2 corresponds to a large airflow rate and, consequently, a large end-inspiratory volume. The larger the value of a 1 and a 2 , the higher the peak airflow rate and end-inspiratory volume. It can be seen in Fig. 8 that when a 2 ¼ 0, the inspiratory airflow rate is flat with no peak and is symmetric as in Ref. [28] . The change in a 3 has a reverse effect; in particular, a small value of a 3 corresponds to large end-inspiratory volume and high airflow rate as can be seen in Fig. 9 .
It should be noted from Eq. (60) that the change in a 1 , a 2 , and a 3 effect the end-inspiratory volume, and hence, effect the volume and airflow rate pattern for the entire breathing cycle. However, if the end-inspiratory volume is fixed, a 1 and a 2 only effect the volume and airflow rate pattern during the inspiratory phase as can be seen in Eq. (58), whereas a 3 only effects the expiratory volume and airflow rate shape as can be seen in Eq. (59).
Finally, we compare the optimal airflow pattern for the twocompartment lung model developed in this paper to that of the model in Ref. [28] Fig. 10 , the volume and airflow rate patterns from both models are slightly different. Specifically, the airflow rate pattern during the inspiratory phase from our model is asymmetric with peak flow rate at the beginning as opposed to the symmetric inspiratory airflow rate pattern from Ref. [28] . The recorded experimental airflow patterns for four different subjects in Ref. [18] are asymmetric. Thus, our objective function for determination of optimal respiratory airflow patterns provides a more accurate prediction of the respiratory airflow patterns for various subjects. Furthermore, it has been reported in Ref. [39] that increasing the initial flow rate reduces inspiratory work of breathing during pressure support ventilation in patients with exacerbation of chronic obstructive pulmonary disease. This is in accordance with our predicted optimal airflow patterns where the peak flow rate at the beginning of the inspiration is observed in Fig. 10 .
Conclusion
In this paper, we developed a nonlinear multicompartment lung mechanics model that accounts for nonlinearities in both the airway resistances and the lung compliances. Many models assume that the airway resistances are constant over the entire range of airflows, and hence, assume that pressure losses due to the airway resistances are linear functions of the airflows. In our development, we assume that the resistive losses are characterized by a Rohrer-type model, which can more accurately capture resistive losses as a function of the flows. Specifically, it was shown that although the responses from both linear resistance and nonlinear resistance models exhibit similar behavior during the inspiration phase, the effect of the nonlinearities in the airway resistances is more pronounced during the expiration phase. Hence, whereas a linear resistance lung model can adequately represent the lung mechanics system for low applied pressures, the model may not accurately describe the behavior of a respiratory system for large input pressures, especially during the expiration phase as verified by experimental data from Ref. [38] . The proposed model captures a more realistic lung anatomy and function, and hence, can provide a better understanding of the pulmonary function as well as the process of mechanical ventilation.
Finally, using our nonlinear model, we developed a framework for determining optimal respiratory airflow patterns. Specifically, an optimization criterion that involves the minimization of the oxygen consumption of the lung muscles and lung volume acceleration for the inspiratory phase, and the minimization of the elastic potential energy and rapid airflow rate changes for the expiratory phase was formulated and solved. The solution to the formulated optimization problem was derived using classical calculus of variation techniques. Both symmetric and asymmetric inspiratory airflow rate patterns are observed depending on the value of physiological parameter a 2 . As shown in experimental data from Ref. [18] , our model provides better predictions for the optimal airflow patterns since it captures both symmetric and asymmetric inspiratory airflow patterns. Moreover, our prediction of the asymmetric airflow patterns with peak flow rate at the beginning of the inspiration is supported by the experimental work of Ref. [39] , where it was reported that increasing the initial flow rate reduces inspiratory work of breathing during pressure support ventilation in patients with obstructive pulmonary disease.
